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HILBERT SERIES OF NEARLY HOLOMORPHIC
SECTIONS ON GENERALIZED FLAG MANIFOLDS
BENJAMIN SCHWARZ
Abstract. Let X = G/P be a complex flag manifold and E →X
be a G-homogeneous holomorphic vector bundle. Fix a U -invariant
Kähler metric on X with U ⊆ G maximal compact. We study the
sheaf of nearly holomorphic sections and show that the space of
global nearly holomorphic sections in E coincides with the space
of U -finite smooth sections in E. The degree of nearly holomor-
phic sections defines a U -invariant filtration on this space. Using
sheaf cohomology, we determine in suitable cases the corresponding
Hilbert series. It turns out that this is given in terms of Lusztig’s
q-analog of Kostant’s weight multiplicity formula, and hence gives
a new representation theoretic interpretation of these formulas.
Introduction
In [24] Shimura introduced the notion of nearly holomorphic func-
tions on Kähler manifolds in the course of his investigation of automor-
phic forms on classical bounded symmetric domains. It turned out to
be an “indispensable tool for the algebraicity of the critical values of
certain zeta functions” [27]. In this article, we consider a generalized
notion of nearly holomorphic sections of holomorphic vector bundles on
Kähler manifolds. The first natural question to answer is the existence
of non-trivial nearly holomorphic sections. Unlike the bounded sym-
metric case, for compact Kähler manifolds this is a highly non-trivial
question. We obtain the following positive result on generalized flag
manifolds by means of representation theoretic methods.
Theorem A. Let X = G/P be a generalized flag manifold, and E =
G ×P Eo be the G-homogeneous vector bundle associated to a simple
P -module Eo. Let U ⊆ G be maximal compact, and h be a U-invariant
Kähler metric on X. Then, the space N(X,E) of nearly holomorphic
sections in E coincides with the space of U-finite smooth sections in E,
N(X,E) = C∞(X,E)U−finite.
In particular, N(X,E) is a dense subspace of C∞(X,E) (with respect
to uniform convergence).
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There is a notion of the degree of a nearly holomorphic section,
which provides a filtration of N(X,E), and the space Nm(X,E) of
nearly holomorphic sections of degree ≤ m is U -invariant and finite
dimensional. The second goal of this article is to determine the corre-
sponding Hilbert series,
H(N ●E , q) ∶= ∑
m≥0
ch(Nm(X,E)/Nm−1(X,E)) qm,(0.1)
where ch(M) denotes the formal character of a U -module M . As a
first step, we show (in the setting of a general Kähler manifold) that
the sheaf Nm(E) associated to nearly holomorphic sections of degree
≤ m is a finitely generated locally free analytic sheaf and gives rise to
an exact sequence of sheaves (see Theorem 1.1),
0Ð→ Nm−1(E)Ð→ Nm(E)Ð→ O(E ⊗ Symm)Ð→ 0,(0.2)
where Symm denotes the m’th symmetric power of the holomorphic
tangent bundle. Using sheaf cohomology, this determines the Hilbert
series up to higher cohomology terms. Applying cohomological vanish-
ing results due to Broer [2], this yields the Hilbert series in the case of
the full flag variety X = G/B, where P = B is a Borel subgroup.
Theorem B. Let X = G/B and Lµ = G×B Cµ be the G-homogeneous
line bundle associated to µ ∈ Λ. If µ is dominant, then
H(N ●L∗µ , q) = ∑
λ∈Λ+
mµλ(q) chV
∗
λ ,(0.3)
where mµλ(q) is Lusztig’s q-analog of Kostant’s weight multiplicity for-
mula.
Here L∗µ = L−µ denotes the dual line bundle, Λ is the weight lattice
associated to a torus T ⊆ B, Λ+ ⊆ Λ is the set of dominant weights, and
V ∗λ denotes the dual of the U -module with highest weight λ. Lusztig’s
polynomials mµλ(q) are defined [17] in purely combinatorial terms by
m
µ
λ(q) ∶= ∑
w∈W
sgn(w)℘q(w(λ + ρ) − µ − ρ),(0.4)
where W denotes the Weyl group, ρ is the half sum of positive roots,
and ℘q is the q-analog of Kostant’s partition function, i.e., the coeffi-
cient of qm in ℘q(ν) is the number of ways to write ν ∈ Λ+ as the sum of
preciselym positive roots. These polynomials occur in various branches
of representation theory. In the special case µ = 0 (corresponding to
the trivial line bundle), the polynomials m0λ(q) were first constructed,
independently, by Hesselink [11] and Peterson [20]. They discovered
that the polynomials m0λ(q) are the coefficients of the Hilbert series
corresponding to the (graded) coordinate ring of the nilpotent cone in
the Lie algebra g of G. Prior to this, Kostant [15] determined this
Hilbert series in terms of generalized exponents by an investigation of
G-harmonic polynomials on g. For general µ, Lusztig and Kato proved
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that the mµλ(q) are closely related to certain Kaszdan–Lusztig polyno-
mials and hence encode deep combinatorial and geometric information,
see [7]. We also like to mention that there is a close connection between
the filtration of nearly holomorphic sections and the Brylinski–Kostant
filtration of U -modules [7, 9, 13], which will be the topic of a subsequent
article.
For a general flag manifold X = G/P and a G-homogeneous vec-
tor bundle E = G ×P Eo, we show that (0.3) still holds true under
the additional assumption that E satisfies the cohomological vanishing
condition
Hk(X,O(E∗ ⊗ Symm)) = 0 for all k > 0, m ≥ 0,(V)
where Symm denotes the m’th symmetric power of the holomorphic
tangent bundle, and when Lusztig’s polynomials are replaced by their
parabolic versions, see Theorem 3.3. The vanishing condition is es-
sentially a condition imposed on the highest weight µ of the simple
P -module Eo. The list of known results given in Section 3.2 leads to
the conjecture that (V) holds for any dominant highest weight µ. In
the case of Hermitian symmetric spaces we confirm this by applying
the results of [23] which are based on a detailed analysis of nearly holo-
morphic sections in this setting.
Even though nearly holomorphic sections (and the corresponding
higher order Cauchy–Riemann operators, see Section 1.1) are naturally
defined on general Kähler manifolds, they have been studied in detail
only in quite restricted cases: for line bundles on bounded symmetric
domains see [5, 18, 24, 25, 28, 29], the case of the Riemann sphere
is discussed in [19], and general compact Hermitian symmetric spaces
are investigated in [22, 23, 25]. Some general results concerning higher
order Laplacian operators associated to Cauchy–Riemann operators of
the trivial line bundle are obtained in [5]. For further applications of
nearly holomorphic sections and Cauchy–Riemann operators in repre-
sentation theory, see [16, 26, 30, 31].
We briefly outline the content of this article. Section 1 is concerned
with the theory of nearly holomorphic sections on general Kähler man-
ifolds. We follow Engliš and Peetre [5] and introduce nearly holomor-
phic sections as elements of the kernel of some (higher order) Cauchy–
Riemann operator. In this way, it is clear that we obtain a sheaf of
nearly holomorphic sections, and the main goal is to show exactness
of the sequence (0.2) in Theorem 1.1. From Section 2 onwards, we
consider generalized flag manifolds X = G/P . We briefly recall the
classification of U -invariant Kähler structures on X and give an ex-
plicit description of the higher order Cauchy–Riemann operators. This
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is the key in proving Theorem A. In Section 3, we use equivariant co-
homology to prove the generalized version of Theorem B mentioned
above, see Theorem 3.3, and discuss the cohomological vanishing con-
dition.
1. Nearly holomorphic sections
1.1. Cauchy–Riemann operators. Let (X,h) be a Kähler manifold
with Kähler metric h, and let E →X be a holomorphic vector bundle.
Let T 1,0 denote the holomorphic and T 0,1 denote the antiholomorphic
tangent bundle on X. The metric induces a vector bundle isomorphism
(T 0,1)∗ ≅ T 1,0, which also induces an isomorphism between the spaces
of smooth sections of (T 0,1)∗ and of T 1,0. The composition of the
∂¯-operator of E and this isomorphism defines the Cauchy–Riemann
operator D¯,
C∞(X,E) C∞(X,E ⊗ (T 0,1)∗) C∞(X,E ⊗ T 1,0).
∂ h∗
D¯
(1.1)
Since E ⊗ T 1,0 is again a holomorphic vector bundle, iterates of the
Cauchy–Riemann operator are defined in the obvious way. By abuse
of notation, we simply write
D¯m ∶= D¯ ○ ⋯ ○ D¯ ∶ C∞(X,E) → C∞(X,E ⊗ (T 1,0)⊗m).
Since h is a Kähler metric, and hence satisfies some symmetry prop-
erties, it turns out [24, Lemma 2.0] that D¯mf is actually a section in
E⊗Symm, where Symm ⊆ (T 1,0)⊗m denotes the holomorphic subbundle
of symmetric tensors, so
D¯m∶C∞(X,E) → C∞(X,E ⊗ Symm).
The kernels of these higher order Cauchy–Riemann operators define
the filtered vector space of nearly holomorphic sections,
Nm(X,E) ∶= ker D¯m+1, N(X,E) ∶= ⋃
m≥0
Nm(X,E).
For f ∈ N(X,E), the minimal m such that f ∈ Nm(X,E) is called the
degree of f .
1.2. Sheaf of nearly holomorphic sections. For a holomorphic vec-
tor bundle E → X, let O(E) and C∞(E) denote the sheaves of holo-
morphic and smooth sections in E, i.e., for open U ⊆X,
O(E)(U) ∶= O(U,E), C∞(E)(U) ∶= C∞(U,E).
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We may consider both sheaves as analytic sheaves, i.e., sheaves of OX-
modules, where OX is the structure sheaf of the complex manifold X.
Then, D¯m+1 induces a homomorphism of analytic sheaves,
D¯m+1∶C∞(E)→ C∞(E ⊗ Symm+1).
Hence, the kernel is an analytic sheaf, which we call the sheaf of nearly
holomorphic sections of degree ≤m and denote by Nm(E) ∶= ker D¯m+1.
We note that N 0(E) = O(E), and for m ≥ 1 there is a natural inclusion
ι∶Nm−1(E)→Nm(E).
Theorem 1.1. For all m ≥ 1,
0Ð→Nm−1(E)
ι
Ð→ Nm(E)
D¯m
Ð→ O(E ⊗ Symm)Ð→ 0
is a short exact sequence of locally free analytic sheaves on X.
Proof. We first note that the sequence is well-defined, since for any
open U ⊆X, by definition D¯m maps Nm(U,E) into C∞(U,E⊗Symm),
and the image gets annihilated by D¯, i.e., consists of holomorphic sec-
tions. For exactness, it is clear that ι is injective, and by definition
Nm−1(E) is the kernel of D¯m. It remains to show that D¯m is a sur-
jective homomorphism of sheaves. We show that each x ∈ X has a
neighborhood U ⊆ X for which the equation D¯mf = g is solvable for all
g ∈ O(U,E ⊗ Symm).
Recall the following local characterization of nearly holomorphic sec-
tions [23]: Since X is Kähler, the metric h is locally given by a Kähler
potential, so we can choose U ⊆ X with local coordinates (z1, . . . , zn)
and a smooth map Ψ ∶ U → R such that the metric coefficients are
given by
hij¯ =
∂2Ψ
∂z¯j∂zi
.
For 1 ≤ ℓ ≤ n, define the smooth map Qℓ ∶ U → C by
Qℓ(z) ∶=
∂Ψ
∂zℓ
(z), z ∈ U.
Then [23, Proposition 1.5], nearly holomorphic sections are character-
ized as polynomials in the functions Qℓ with holomorphic coefficients,
i.e., f ∈ C∞(U,E) is nearly holomorphic of degree ≤m if and only if
f(z) = ∑
∣I ∣≤m
fI(z)Q(z)I with fI ∈ O(U,E), z ∈ U.
Here, we use standard multi-index notation, so for I = (i1, . . . , in) ∈ Nn0
we set ∣I ∣ ∶= ∑nℓ=1 iℓ, and
Q(z)I ∶=
n
∏
ℓ=1
Qℓ(z)iℓ .
Moreover, the coefficients fI ∈ O(U,E) are uniquely determined by the
choice of the Kähler potential. This shows that Nm(U,E) is a free
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OX ∣U -module of finite rank, hence Nm(E) is a locally free analytic
sheaf. Now consider a holomorphic section g ∈ O(U,E ⊗ Symm). Let
∂1, . . . , ∂n be the local frame for the holomorphic tangent bundle T 1,0
induced by the coordinate functions. For a multi-index I ∈ Nn
0
with
∣I ∣ =m set
∂I ∶= ∑
σ∈Sm
σ(∂1 ⊗⋯⊗ ∂1
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
i1 times
⊗⋯⊗ ∂n ⊗⋯⊗ ∂n
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
in times
),
where Sm denotes the symmetric group on {1, . . . ,m} and
σ(∂j1 ⊗⋯⊗ ∂jm) ∶= ∂jσ(1) ⊗⋯⊗ ∂jσ(m).
Then ∂I is a section of Symm on U , and the set of all ∂I with ∣I ∣ = m
forms a local frame for Symm. Consider the decomposition
g = ∑
∣I ∣=m
gI ⊗ ∂I
with holomorphic gI ∈ O(U,E) and define
f(z) ∶= ∑
∣I ∣=m
gI(z) ⋅Q(z)I .
It is straightforward to check that
D¯(QI) =
n
∑
k=1
ikQ
I−ek ∂k, ∂
J =
n
∑
k=1
jk ∂
J−ek ⊗ ∂k,
where ek denotes the k’th standard unit vector in Rm, so I − ek =
(i1, . . . , ik − 1, . . . , in) and likewise J − ek = (j1, . . . , jk − 1, . . . , jn). By
induction on 0 ≤ r ≤m, it readily follows that
D¯rf(z) = ∑
∣I ∣=m−r, ∣J ∣=r
(I+J)!
I!J !
gI+J(z) ⋅Q(z)I ⊗ ∂J(z)
where I! ∶= i1!⋯in!. In particular, D¯mf = g. 
For any sheaf F on X, let Hk(X,F) denote its k’th cohomology. By
Cartan–Serre theorem, coherence of Nm(E) implies finiteness:
Corollary 1.2. If X is compact, then Hk(X,Nm(E)) is finite di-
mensional for all k,m ≥ 0.
In particular, since Nm(X,E) = H0(X,Nm(E)), the space of global
nearly holomorphic sections of degree ≤ m is finite dimensional if X
is compact, see [23, Proposition 1.10] for a proof of this fact using
elliptic operator theory. We also note the following consequence of
Theorem 1.1.
Corollary 1.3. Let m ≥ 1 and assume H1(X,O(E ⊗Symℓ)) = 0 for
all 0 ≤ ℓ <m. Then,
0Ð→ Nm−1(X,E)
ι
Ð→ Nm(X,E)
D¯m
Ð→ O(X,E ⊗ Symm)Ð→ 0
is an exact sequence.
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Proof. The short exact sequence in Theorem 1.1 yields the long exact
cohomology sequence
0→Nm−1(X,E) →Nm(X,E)→ O(X,E ⊗ Symm)→
H1(X,Nm−1(E))→ H1(X,Nm(E))→H1(X,O(E ⊗ Symm))→⋯
We have to show that H1(X,Nm−1(E)) = 0. For m = 1 this follows
from N 0(E) = O(E) and the assumption for ℓ = 0. Now let m > 1.
Since Theorem 1.1 also applies for each 0 ≤ ℓ <m, we obtain the exact
sequence
⋯→H1(X,N ℓ−1(E))→H1(X,N ℓ(E))→H1(X,O(E ⊗ Symℓ))
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
=0
→ ⋯,
and it follows by induction on ℓ that H1(X,N ℓ(E)) vanishes for all
0 ≤ ℓ <m, in particular H1(X,Nm−1(E)) = 0. 
Remark 1.4. If X is a smooth projective variety (as in the case
discussed below), there are natural isomorphisms
Hk((T 1,0)∗,Oalg(π∗E)) ≅
∞
⊕
m=0
Hk(X,O(E ⊗ Symm))
for all k, where π ∶ (T 1,0)∗ → X is the holomorphic cotangent bundle
and Oalg(π∗E) denotes the sheaf of algebraic sections in the pull-back
bundle π∗E. In some cases it is convenient to formulate cohomological
vanishing conditions as in Corollary 1.3 (for all m ≥ 0) by vanishing
conditions on the pull-back bundle.
2. Cauchy–Riemann operators on flag manifolds
2.1. Generalized flag manifolds. We now turn to the setting of gen-
eralized flag manifolds, so X = G/P where G is a complex simple simply
connected Lie group and P ⊆ G is a parabolic subgroup. We also fix a
Borel subgroup B ⊆ P and a maximal torus T ⊆ B with corresponding
root data ∆ ⊆ Φ+ ⊆ Φ ∶= Φ(g, t), where ∆ = {α1, . . . , αℓ} are the simple
and Φ+ the positive roots. Here and in the following, lower case Gothic
letters denote Lie algebras of the corresponding Lie groups. We may
also assume that P is standard parabolic with respect to the given root
data, so P = PΠ for Π ⊆ ∆. In more detail, we have the disjoint union
Φ = Ξ+ ⊔Ξ0 ⊔Ξ− with
Ξ0 ∶= spanR(Π) ∩Φ, Ξ+ ∶= Φ
+ ∖Ξ0, Ξ− ∶= −Ξ+,
and setting
l = t⊕ ⊕
α∈Ξ0
gα, n
± = ⊕
α∈Ξ±
gα,
where gα denotes the α−root space of g, we obtain
g = n− ⊕ l⊕ n+, p = l⊕ n+.
The latter is the Levi decomposition of p. Let B denote the Killing
form of g. For each α ∈ Φ, define Hα by α(H) = B(H,Hα) for all H ∈ t,
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and choose a system {xα ∈ gα ∣α ∈ Φ} such that [xα, x−α] = Hα and the
structure constants Nα,β defined by
[xα, xβ] = Nα,β xα+β (α,β,α + β ∈ Φ)(2.1)
are real valued, see [14, VI. §1]. For convenience, we also set Nα,β = 0
if 0 ≠ α + β ∉ Φ, and define yα ∶= x−α for α ∈ Φ. Then the conjugate
linear involution θ on g, determined by θHα = −Hα and θxα = −yα for
α ∈ Φ, is a Cartan involution. Let u ∶= gθ be the corresponding compact
real form of g, and U ⊆ G be the connected compact Lie group with
Lie algebra u. Then, X can be identified as a real manifold with the
quotient X ≅ U/K where K ∶= U ∩ P . We also note that θp = n− ⊕ l.
2.2. Invariant Kähler structures. We briefly recall the classification
of U -invariant Kähler metrics on X = G/P , for details we refer to
[1]. The holomorphic and antiholomorphic tangent bundles are G-
homogeneous vector bundles, which we identify as fiber products
T 1,0 = G ×P g/p, T 0,1 = G ×P g/θp(2.2)
with the P -action on the canonical fiber given by
p.v = Adp v (v ∈ g/p), p.w = Adθpw (w ∈ g/θp).(2.3)
For simplicity, we underline elements to denote their equivalence classes.
In the compact picture X ≅ U/K, we may identify these bundles via
the canonical K-equivariant isomorphisms n− ≅ g/p and n+ ≅ g/θp with
T 1,0 = U ×K n−, T 0,1 = U ×K n+.(2.4)
Now, a U -invariant Kähler metric h ∶ T 0,1 × T 1,0 → C on X is uniquely
determined by its restriction to the base point o = eK, so h uniquely
corresponds to a K-invariant non-degenerate bilinear form
ho ∶ n+ × n− → C,
such that ho(x, θx) > 0 for all x ≠ 0. There is an additional property
of ho reflecting closedness of the Kähler form associated to the Kähler
metric. It turns out that ho is of the form
ho(x, y) = B(Co, [x, y]),
where B is the Killing form of g, and Co is an element of the cone
z(l)+ ∶= {H ∈ z(l) ∣α(H) > 0 for all α ∈∆ ∖Π}.
Such an element C0 is uniquely determined by ho. Recall that z(l)
consists of elements H ∈ t satisfying α(H) = 0 for all α ∈∆. Conversely,
any such form extends to a U -invariant Kähler metric, so z(l)+ is the
moduli space of U -invariant Kähler metrics on X. We like to note the
coincidence that the U -orbit of iCo is an adjoint orbit in u isomorphic
to X ≅ U/K, and ho corresponds to the Kirillov–Kostant–Souriau form
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attached to this orbit. We finally note that for α,β ∈ Ξ+ and the root
vectors xα, yβ chosen in Section 2.1, we have
ho(xα, yβ) = cα δα,β with cα ∶= α(Co) > 0.(2.5)
For later use, we also set cα ∶= α(Co) for any α ∈ t∗.
2.3. Cauchy–Riemann operators. The goal of this section is to de-
termine an explicit formula for the higher order Cauchy–Riemann oper-
ators. Let E →X be a G-homogeneous holomorphic vector bundle, so
E = G ×P Eo where Eo is a P -module. The formula in question will be
given in the compact picture, i.e., smooth sections in E are represented
as smooth maps f ∶ U → Eo satisfying the equivariance condition
f(uk) = k.f(u) for all u ∈ U, k ∈K.
We first recall a formula for the ∂¯-operator on such sections, see e.g.
[6]. For v ∈ u, let Rvf denote the right derivative of f along v,
Rvf(u) ∶= d
dt
f(getv)∣
t=0
,
and for x ∈ g, let RCxf denote the complexified derivative defined by
RCxf = Rv1f + iRv2f with x = v1 + iv2, v1, v2 ∈ u.
Then, identifying the antiholomorphic cotangent bundle (T 0,1)∗ with
U ×K (n+)∗ as in (2.4), the ∂¯-operator yields a section ∂¯f in E⊗(T 0,1)∗
which is given by
∂¯f(u)(x) = RCxf(u) + x.f(u).(2.6)
The next step is to determine the first order Cauchy–Riemann operator.
For α ∈ Ξ+, we set Rα ∶= RCxα with xα given as in Section 2.1. Combining
(2.5) and (2.6) it readily follows that the first order Cauchy–Riemann
operator is given by
D¯f(u) = ∑
α∈Ξ+
c−1α (Rαf(u) + xα.f(u))⊗ yα.(2.7)
We note that if the canonical fiber Eo of E is a simple P -module, then
the unipotent radical of P acts trivially on Eo, so the term xα.f(u)
in (2.7) vanishes. However, in general the canonical fiber of the tensor
product bundle E⊗T 1,0 is not simple, so for the iterates of the Cauchy–
Riemann operator we also need the second term in (2.7).
For m ≥ 1 and a tuple α = (α1, . . . , αm) ∈ Ξm+ , we set
yα ∶= yα1 ⊗⋯⊗ yαm ,
and thus obtain a basis {yα ∣α ∈ Ξm+ } of (n−)⊗m. In particular, a section
f ∈ C∞(X,E ⊗ (T 1,0)⊗m) admits a decomposition
f(u) = ∑
α∈Ξm+
fα(u)⊗ yα
with smooth coefficient functions fα ∈ C∞(U,Eo).
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Proposition 2.1. Let X = G/P , and let E = G ×P Eo be the G-
homogeneous vector bundle associated to a simple P -module Eo, and
fix m ∈ N. In the compact picture, the action of the Cauchy–Riemann
operator D¯m on f ∈ C∞(X,E) is given by
(D¯mf)(u) = ∑
α∈Ξm+
(D¯αf)(u)⊗ yα(2.8)
with
(D¯αf)(u) = ∑
σ∈Sm
c−1σ(α)Rσ(α)f(u),(2.9)
where σ(α) ∶= (ασ(1), . . . , ασ(m)), and
cβ ∶= cβ1 ⋅ cβ1+β2⋯cβ1+⋯+βm , Rβ ∶= RβmRβm−1⋯Rβ1
for any β = (β1, . . . , βm) ∈ Ξm+ .
Remark 2.2. For the setting of homogeneous vector bundles on flag
manifolds, Proposition 2.1 gives an alternative proof of the general fact
that D¯mf is indeed a section in the subbundle E⊗Symm of E⊗(T 1,0)⊗m.
For the proof of Proposition 2.1, let D¯α be the operator defined by
the decomposition (2.8), which acts on functions f ∈ C∞(U,Eo). We
then show that (2.9) holds.
Lemma 2.3. For m > 1, the operators D¯α satisfy the recurrence rela-
tion
D¯(α1,...,αm) = c
−1
αm
(Rαm ○ D¯(α1,...,αm−1) +
m−1
∑
k=1
Nαk ,αmD¯(α1,...,αk+αm,...,αm−1)),
where Nα,β are the structure constants defined in (2.1).
Proof. For the proof it is more convenient to identify the canonical fiber
n− of T 1,0 with g/p in order to have simple formulas for the p-action
on n−. As in (2.3) we underline elements to denote their equivalence
classes. Applying (2.7) to the section D¯m−1f yields
D¯mf = D¯(D¯m−1f)
= ∑
β∈Ξ+
c−1β (Rβ(D¯m−1f) + xβ.(D¯m−1f))⊗ yβ
= ∑
α∈Ξm−1+ , β∈Ξ+
c−1β ((Rβ ○ D¯αf)⊗ yα + D¯αf ⊗ xβ .yα)⊗ yβ,
where
xβ .yα =
m−1
∑
k=1
yα1 ⊗⋯⊗ [xβ , yαk]⊗⋯⊗ yαm−1
=
m−1
∑
k=1
Nβ,−αk yα1 ⊗⋯⊗ yαk−β ⊗⋯⊗ yαm−1 ,
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Setting α′k = αk − β, we obtain
∑
αk∈Ξ+
Nβ,−αkD¯αf ⊗ yαk−β = ∑
α′
k
∈Ξ+
Nβ,−β−α′
k
D¯(α1,...,α′k+β,...,αm−1)f ⊗ yα′k .
We note that the summation over α′k ∈ Φ
+ yields the same as the
summation over α′k ∈ −β + Φ
+, since either yα′
k
or Nβ,−β−α′
k
vanishes.
Finally, using Nβ,−β−α′
k
= Nα′
k
,β we conclude that
D¯mf = ∑
α∈Ξm−1+ , β∈Ξ+
c−1β ((Rβ ○ D¯αf) +
m−1
∑
k=1
Nαk,βD¯α+β⋅ekf)⊗ yα ⊗ yβ,
where α + β ⋅ ek = (α1,⋯, αk + β,⋯, αm). 
Using the recurrence relation of Lemma 2.3 we now prove Proposi-
tion 2.1 by induction on m. For m = 1, (2.8) and (2.9) reduce to (2.7),
since Eo is assumed to be a simple P -module. Now let m > 1. Due to
Lemma 2.3 and by induction hypothesis, we have
D¯(α,β)f = c−1β ((Rβ ○ D¯αf) +
m−1
∑
k=1
Nαk ,βD¯α+β⋅ekf)
= ∑
σ∈Sm−1
(c−1β c−1σ(α)RβRσ(α)f + c−1β
m−1
∑
k=1
Nαk ,βc
−1
σ(α+β⋅ek)
Rσ(α+β⋅ek)f).
We next consider the sum over the second term. For fixed 1 ≤ k ≤m−1,
the symmetric group Sm−1 can be written as disjoint union
Sm−1 =
m−1
∐
ℓ=1
{σ ∈Sm−1 ∣σ(ℓ) = k} .
Recall that Rα = RCxα denotes the complexified right derivative of func-
tions on U . Therefore, the map x ↦ RCx with x ∈ g is a Lie algebra
homomorphism, so in particular, Nα,βRα+β = [Rα,Rβ]. Therefore, the
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second term yields
m−1
∑
ℓ,k=1
∑
σ∈Sm−1
σ(ℓ)=k
Nαk ,β c
−1
σ(α)+β⋅eℓ
Rασ(m−1)⋯Rασ(ℓ)+β⋯Rασ(1)f
=
m−1
∑
ℓ,k=1
∑
σ∈Sm−1
σ(ℓ)=k
c−1σ(α)+β⋅eℓRασ(m−1)⋯[Rασ(ℓ),Rβ]⋯Rασ(1)f
=
m−1
∑
ℓ=1
∑
σ∈Sm−1
c−1σ(α)+β⋅eℓ(Rασ(m−1)⋯Rασ(ℓ)Rβ⋯Rασ(1)f
−Rασ(m−1)⋯RβRασ(ℓ)⋯Rασ(1)f)
= ∑
σ∈Sm−1
c−1σ(α)+β⋅e1Rσ(α)Rβf
+
m−1
∑
ℓ=2
∑
σ∈Sm−1
(c−1σ(α)+β⋅eℓ − c−1σ(α)+β⋅eℓ−1)Rασ(m−1)⋯Rασ(ℓ)Rβ⋯Rασ(1)f
− ∑
σ∈Sm−1
c−1σ(α)+β⋅em−1RβRσ(α)f
Collecting everything together we obtain
D¯(α,β)f = ∑
σ∈Sm−1
c−1β (c−1σ(α) − c−1σ(α)+β⋅em−1)RβRσ(α)f
+
m−1
∑
ℓ=2
∑
σ∈Sm−1
c−1β (c−1σ(α)+β⋅eℓ − c−1σ(α)+β⋅eℓ−1)Rασ(m−1)⋯Rασ(ℓ)Rβ⋯Rασ(1)f
+ ∑
σ∈Sm−1
c−1β c
−1
σ(α)+β⋅e1
Rσ(α)Rβf.
It remains to show that the coefficients have the appropriate form. For
convenience we set γ ∶= σ(α). Recall that cα = α(C0), so that cα is
additive in α, i.e., cα+β = cα + cβ . It follows that
c−1β (c−1γ − c−1γ+β⋅em−1) = c−1β c−1γ (1 − cγ1+⋯+γm−1cγ1+⋯+γm−1+β )
= c−1γ c
−1
γ1+⋯+γm−1+β
= c−1(γ,β),
c−1β (c−1γ+β⋅eℓ − c−1γ+βℓ−1) = c−1β c−1γ+β⋅eℓ(1 −
cγ1+⋯+γℓ−1
cγ1+⋯+γℓ−1+β
)
= c−1γ+β⋅eℓc
−1
γ1+⋯+γℓ−1+β
= c−1(γ1,...,γℓ,β,γℓ+1,...,γm−1),
c−1β c
−1
γ+β⋅e1
= c−1(β,γ).
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We thus conclude that
D¯(α,β)f = ∑
σ∈Sm
c−1σ(α,β)Rσ(α,β)f.
This completes the proof of Proposition 2.1. 
2.4. Proof of Theorem A. We will now prove that the space of nearly
holomorphic sections in E coincides with the space of U -finite smooth
sections in E:
N (X,E) = C∞(X,E)U−finite.(2.10)
By Corollary 1.2, each Nm(X,E) is finite dimensional. Moreover,
Nm(X,E) is U -invariant, since Cauchy–Riemann operators are equi-
variant for bundle morphisms that restrict to isometries on the base
manifold, see e.g. [5]. For flag manifolds, this equivariance is also
obvious from Proposition 2.1. It follows that Nm(X,E) consists of
U -finite vectors. Conversely, let f ∈ C∞(X,E) be U -finite, and let
V ∶= spanC(U.f) denote the finite dimensional subspace generated by
the U -action on f . In the compact picture, the action of v ∈ u on F ∈ V
is given (up to a sign) by left derivation,
LvF (u) = ddtF (e−tvu)∣t=0 .
Let LCxF denote the complexified action of x ∈ uC = g. Since V is
finite dimensional, it follows that LCx1⋯L
C
xm
F = 0 for all F ∈ V and
x1, . . . , xm ∈ n+ if m is sufficiently large m ≫ 0. Since Lv = −Rv at
u = e, we conclude from Proposition 2.1 that (D¯mF )(e) = 0 for all
F ∈ V and sufficiently large m ≫ 0. Now, the U -equivariance of the
Cauchy–Riemann operators yield D¯mf(u) = 0 for all u ∈ U , i.e., f is
nearly holomorphic. This proves (2.10). Finally, recall the general fact
on induced representations, that the space of U -finite smooth sections
in E is dense in C∞(X,E) with respect to uniform convergence. This
completes the proof of Theorem A. 
3. Hilbert series on flag manifolds
We retain all definitons of the last section concerning generalized flag
manifolds and the associated root data.
3.1. P -version of Lusztig’s polynomials. Recall that Ξ+ denotes
the set of roots with root spaces contained in the nilradical n+ of p.
The P -version of Kostant’s partition function is defined in a formal
way by
∏
α∈Ξ+
(1 − qeα)−1 =∶ ∑
λ∈Λ
℘P,q(λ)eλ.
In other words, the coefficient of qm in ℘P,q(λ) is the number of ways
to write λ ∈ Λ as the sum of precisely m (not necessarily distinct) roots
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in Ξ+. Then, Lusztig’s polynomials (0.4) generalize to
m
µ
λ(P ; q) ∶= ∑
w∈W
sgn(w)℘P,q(w(λ + ρ) − µ − ρ),
where ρ is the half sum of positive roots, and W is the Weyl group of
(g, t). For P = B and q = 1, this is the classical Kostant multiplicity
formula which determines the dimension of the µ-weight space in a
simple U -module of highest weight λ. The link between these purely
combinatorial formulas and the geometry of the flag manifold X = G/P
is given below in Proposition 3.1. There, we determine the graded Euler
character of a G-homogeneous vector bundle E = G ×P Eo defined by
χgr(X,E) ∶= ∑
m≥0
χ(X,E ⊗ Symm) qm,(3.1)
where
χ(X,F ) =∑
k≥0
(−1)k ch(Hk(X,O(F )))
denotes the usual Euler character of a G-homogeneous vector bundle
F = G ×P F0. Here, ch(M) denotes the formal character of a finite di-
mensional G-module M . Let Λ+P denote the set of P -dominant weights
of the weight lattice Λ, so λ ∈ Λ+P if λ(Hα) > 0 for all α ∈ Π. Then
Λ+P ⊇ Λ
+, and Λ+P parametrizes the set of simple P -modules by their
highest weights. With our choice of positivity in the root system, it
is more convenient to formulate the following statements by means of
the dual vector bundle E∗ = G ×P E∗o . For example, the Borel–Weil
theorem states that O(X,E∗) is non-trivial if and only if the highest
weight µ of Eo is dominant, and in this case, O(X,E∗) ≅ V ∗µ , where V ∗µ
denotes the dual of the simple U -module Vµ the highest weight µ, and
all higher cohomology of O(E∗) vanishes.
Proposition 3.1. Let Eµ = G ×P Eo be the G-homogeneous vector
bundle on X = G/P associated to the simple P -module Eo of highest
weight µ ∈ Λ+P . Then,
χgr(X,E∗µ) = ∑
λ∈Λ+
m
µ
λ(P ; q) chV ∗λ .(3.2)
Proof. For P = B, this is a well-known result of Brylinski [4], based on
the work of Hesselink [10]. The case of general parabolic subgroups is
partially discussed more recently in [8]. Let Lν = G ×B Cν denote the
line bundle on G/B associated to ν ∈ Λ, and let pr∗ Symm be the pull-
back of Symm along the canonical projection pr ∶ G/B → G/P . Then,
pr∗ Symm = G×B Symm(g/p), and applying Leray spectral sequences to
the push forward of L−µ along pr one shows [8, Lemma 3.25] that
Hk(G/P,O(E∗µ ⊗ Symm)) ≅Hk(G/B,O(L−µ ⊗ pr∗ Symm)).
Since the B-module g/p admits a filtration by B-stable subspaces such
that consecutive quotients are the root spaces in n− and hence enu-
merated by Ξ− = −Ξ+, it follows by additivity of the Euler character
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that
χgr(X,E∗µ) = ∑
τ∈Λ
℘P,q(τ − µ)χ(G/B,L−τ ).
Finally, the character χ(G/B,L−τ) is determined by the Borel–Weil–
Bott theorem, and comparison of the coefficients yields (3.2). 
3.2. Cohomological vanishing condition. We now consider vector
bundles E → X satisfying the following cohomological vanishing con-
dition:
Hk(X,O(E∗ ⊗ Symm)) = 0 for all k > 0, m ≥ 0.(V)
We note that this condition is equivalent to
Hk((T 1,0)∗,Oalg(π∗E∗)) = 0 for all k > 0,
where π ∶ (T 1,0)∗ →X is the holomorphic cotangent bundle considered
as algebraic variety, see Remark 1.4. For G-homogeneous vector bun-
dles Eµ = G ×P Eo with simple P -module Eo, this vanishing condition
is a condition on the highest weight µ ∈ Λ+P of Eo. It is known that (V)
holds in the following cases:
● Any line bundle Eµ = G ×P Cµ with dominant µ ∈ Λ+. [3]
● P = PΠ with ∣Π∣ = 1 (sometimes called ’minimal parabolic’) and
dominant µ ∈ Λ+. [3, 8]
● Any P and µ = µ′ − 2ρP with µ′ ∈ Λ+ P -regular (i.e., µ′(Hα) ≠ 0
for all α ∈ Π), where ρP is the half sum of roots in Ξ+. [8]
● G of type An, any P and dominant regular µ ∈ Λ+. [8]
The detailed analysis of nearly holomorphic sections in [23] extends
this list by the following result:
Proposition 3.2. Let X = G/P be Hermitian symmetric, i.e., the
nilradical n+ of p is abelian. Then (V) is satisfied for any vector bundle
E = G×P Eo associated to a simple P -module Eo with dominant highest
weight µ ∈ Λ+.
Proof. Since n+ is abelian, it follows that n+ acts trivially on the canon-
ical fiber E∗o ⊗ Sym
m(n−) of the vector bundle E∗ ⊗ Symm, hence E∗o ⊗
Symm(n−) is completely reducible P -module. By [23, Theorem 3.5],
all lowest weights of simple K-modules contained in E∗ ⊗ Symm(n−)
are antidominant (note that the Borel subgroup in [23] used to define
positivity in the root system is the opposite of the one used here). Due
to Borel–Weil theorem this shows that all higher cohomology of the
vector bundle E∗ ⊗ Symm vanishes. 
We expect (V) to be true for arbitrary parabolic P ⊆ G and dominant
µ ∈ Λ+. In any case, assuming (V), we show that the Euler character
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(3.1) of the dual bundle E∗ coincides with the Hilbert series
H(N ●E∗, q) = ∑
m≥0
ch(Nm(X,E∗)/Nm−1(X,E∗)) qm,
cf. (0.1), and thereby obtain our main result:
Theorem 3.3. Let X = G/P be a generalized flag variety, and let
Eµ = G ×P Eo be the G-homogeneous vector bundle with simple P -
module Eo of highest weight µ ∈ Λ+P . Assume that Eµ satisfies (V).
Then
H(N ●E∗µ , q) = ∑
λ∈Λ+
m
µ
λ(P ; q) chV ∗λ .
Proof. By assumption (V), the graded Euler character reduces to
χgr(X,E∗µ) = ∑
m≥0
ch(O(X,E∗µ ⊗ Symm)) qm.
Now it suffices to note that the exact sequence in Corollary 1.3 is U -
equivariant, so for m > 0 we have isomorphisms of U -modules,
O(X,E∗µ ⊗ Symm) ≅ Nm(X,E∗µ)/Nm−1(X,E∗µ),
and O(X,E∗µ) = N 0(X,E∗µ) holds by definition. 
Remark 3.4. We note that Theorem 3.3 provides another proof of
Theorem A for vector bundles satisfying the vanishing condition (V),
without using the explicit form of the Cauchy–Riemann operators: The
Hilbert series shows that the space N (X,E∗µ) of nearly holomorphic
sections contains the simple U -module V ∗λ with multiplicity m
µ
λ(P ; 1).
On the other hand, it is well known due to Frobenius reciprocity and
Kostant’s branching theorem (see e.g. [14]), that the multiplicity of
V ∗λ in the space of U -finite smooth sections in E
∗
µ also coincides with
m
µ
λ(P ; 1). Therefore, any U -finite smooth section in Eµ must be nearly
holomorphic. The other inclusion follows from U -invariance and finite
dimensionality of Nm(X,E∗µ) for all m ≥ 0.
As a consequence of the proof of Theorem 3.3 we also obtain:
Corollary 3.5. Let X = G/P , Eo be a simple P -modules, and let
E = G ×P Eo satisfy (V). Then there is a U-equivariant isomorphism
C∞(X,E∗)U−finite ≅ ⊕
m≥0
O(X,E∗ ⊗ Symm).(3.3)
Considering the holomorphic cotangent bundle π ∶ (T 1,0)∗ → X as
an algebraic variety, the right hand side of (3.3) can also be identified
with algebraic sections in the pull-back bundle π∗E∗ over (T 1,0)∗, see
also Remark 1.4.
Remark 3.6. In the case of Hermitian symmetric spaces, the de-
composition of the symmetric powers of n− into simple K-modules
is well known due to Hua [12], Kostant, and Schmid [21]. Applying
Corollary 3.5 to the trivial line bundle E = X × C then provides a
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connection between the Hua–Kostant–Schmid decomposition and the
Cartan–Helgason decomposition of L2(X) by means of the Borel–Weil
theorem.
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